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SECTION 1 
INTRODUCTION AND SUMMARY 
This  r e p o r t  d e a l s  w i th  the  problems of  s t e e r i n g  a v e h i c l e  from a c i r c u l a r  
o r b i t  about  one p l a n e t  t o  a c i r c u l a r  o r b i t  about another  p l a n e t  u s ing  l o w  
t h r u s t  a c c e l e r a t i o n .  The miss ion  i s  usua l ly  d iv ided  i n t o  t h r e e  phases:  
t he  p l a n e t a r y  escape phase,  t h e  i n t e r p l a n e t a r y  t r a n s f e r  phase,  and t h e  
p l a n e t a r y  cap tu re  phase.  
During t h e  escape phase,  t he  v e h i c l e  s p i r a l s  many t i m e s  around the  p l a n e t  
u n t i l  i t  reaches  "escape," zero  energy r e l a t i v e  t o  t h e  p l a n e t .  It then 
d e p a r t s  a long  an asymptote,  which d i r e c t i o n  is  d i c t a t e d  by t h e  p o s i t i o n  of 
t h e  t a r g e t  p l a n e t .  Very small t h r u s t  anomalies,  on t h e  order  of one per -  
c e n t ,  are s u f f i c i e n t  t o  cause a s i z a b l e  e r r o r  i n  the  d i r e c t i o n  of t he  
escape  asymptote.  The main guidance problem i s  t o  minimize t h i s  e r r o r .  
During t h e  i n t e r p l a n e t a r y  t r a n s f e r  phase t h e  v e h i c l e  moves from t h e  v i c i n i t y  
o f  t h e  d e p a r t u r e  p l a n e t  t o  t h e  v i c i n i t y  of t h e  t a r g e t  p l a n e t .  This  is  a 
two p o i n t  boundary va lue  problem t o  be s a t i s f i e d  by the  a p p r o p r i a t e  t h r u s t  
s t e e r i n g  program. 
The c a p t u r e  phase commences when t h e  capture  cond i t ion ,  z e r o  energy r e l a t i v e  
t o  t h e  t a r g e t  p l a n e t ,  is reached. For nominal cond i t ions ,  t h e  cap tu re  phase 
i s  s imply t h e  reverse of the  escape phase; t h a t  i s ,  the  v e h i c l e  s p i r a l s  
toward t h e  p l a n e t  and approaches a c i r c u l a r  o r b i t  about  t h e  p l a n e t .  
problem dur ing  the  capture  phase is  t o  s teer  t h e  v e h i c l e  t o  t h e  d e s i r e d  c i r -  
c u l a r  o r b i t  s t a r t i n g  wi th  off-nominal cond i t ions  a t  capture .  
The 
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The i n t e r p l a n e t a r y  t r a n s f e r  phase is d e a l t  wi th  i n  Sec t ion  2.  Previous 
s tud ie s  a r e  d iv ided  along two l i n e s :  
(1) Those us ing  a i d s  such as  the  energy-momentum 
diagram to  patch r a t h e r  s i m p l e  s t e e r i n g  pro-  
grams t o  match t h e  d e s i r e d  boundary cond i t ions .  
(2)  Those us ing  the  i n d i r e c t  method of the  ca l cu lus  
of  v a r i a t i o n s  and an ex tens ive  computer program 
t o  genera te  opt imal  s t e e r i n g  programs. 
The f i r s t  approach was pursued by RODRIGQUEZ (11 , LEVIN 121 , FOX 131 , 
and MOECKEL [ 4 ]  bu t  has been dropped by more r e c e n t  i n v e s t i g a t o r s  because 
i t  does n o t  d i r e c t l y  provide opt imal  s o l u t i o n s .  
I n v e s t i g a t o r s  us ing  the  second approach were l e d  t o  cons ider  s t e e r i n g  pro-  
grams which were p rogres s ive ly  more s imple and more r e a l i s t i c ,  This  t r e n d  
i s  noted below. I R V I N G  and BLUM [S] i n  1959 and MELBOURNE -[61 i n  1960 
t r e a t e d  both  the  t h r u s t  magnitude and d i r e c t i o n  a s  the  c o n t r o l  v a r i a b l e s .  
Next, MELBOURNE and SAUER [7] i n  1962 and ZIMMERMAN, MACKAY, and ROSSA 181 
i n  1963 used segments of cons t an t  t h r u s t  l i n k e d  by a c o a s t  segment. 
t h r u s t  d i r e c t i o n  and the  t h r u s t  d u r a t i o n s  were the  c o n t r o l  v a r i a b l e s .  I n  
1965, MELBOURNE and SAUER [9] determined opt imal  t r a n s f e r s  f o r  segments of 
cons tan t  t h r u s t  a t  f i xed  angles  r e l a t i v e  t o  the  r a d i a l  d i r e c t i o n  l i nked  by 
a coas t  segment. The con t ro l  v a r i a b l e s  were t h e  two f i x e d  s t e e r i n g  ang le s  
and the t h r u s t  du ra t ions .  MELBOURNE and SAUER demonstrate  t h a t  t h i s  l a s t  
s t e e r i n g  program i s  only s l i g h t l y  less e f f i c i e n t  than the  more complicated 
s t e e r i n g  programs. 
The 
While the t rend  i s  t o  more simple s t e e r i n g  programs, t h e  methods of a n a l y s i s  
a r e  no l e s s  complex. I n  Paragraph 2.5,  i t  i s  shown t h a t  a complete p i c t u r e  
of the t r a n s f e r  problem can be formed u s i n g  t h e  energy-momentum diagram t o  
l i n k  segments of cons t an t  t h r u s t  a c c e l e r a t i o n  a t  f i x e d  s t e e r i n g  ang le s  wi th  
a coas t  segment. This endeavor goes w e l l  beyond t h e  p o i n t  reached i n  
e a r l i e r  s t u d i e s  11-41 , Contours of c o n s t a n t  c h a r a c t e r i s t i c  v e l o c i t y  a r e  
presented  a s  func t ions  of the t a r g e t  p l a n e t  l e a d  angle  and f l i g h t  t i m e  f o r  
a mat r ix  of s t e e r i n g  angle  combinations.  The optimum s t e e r i n g  combinations 
and the corresponding c h a r a c t e r i s t i c  v e l o c i t y  requirements  a r e  p re sen ted  as  
func t ions  of f l i g h t  t i m e .  
payload p e n a l t i e s  f o r  reduced f l i g h t  t i m e s  o r  f o r  i n c r e a s i n g  t h e  wid th  of 
the  launch window. Furthermore , s imple  a n a l y t i c  s o l u t i o n s  t o  the  powered 
segments, which enable  one t o  make a l l  t h e  c a l c u l a t i o n s  wi th  t h e  a i d  of 
only a desk c a l c u l a t o r ,  a r e  p re sen ted .  
The same r e s u l t s  may be  used t o  e s t i m a t e  t h e  
The p r i n c i p a l  a n a l y t i c a l  methods f o r  d e s c r i b i n g  low t h r u s t  p l a n e t a r y  escape 
and capture  s p i r a l s  a r e  eva lua ted  i n  S e c t i o n  3 .  
t he  r a t i o  of  the  t h r u s t  a c c e l e r a t i o n  t o  t h e  g r a v i t y  a c c e l e r a t i o n  i n  e i t h e r  
the i n i t i a l  o r  f i n a l  c i r c u l a r  o r b i t .  a i s  assumed t o  be a c o n s t a n t  o r  z e r o  
I n  t h i s  r e p o r t  U denotes  
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f o r  any miss ion .  
genera ted  a p e r t u r b a t i o n  s o l u t i o n  i n  powers of a-1 which accommodates a 
v a r i e t y  of  s t e e r i n g  programs. 
escape f o r  a > 0.2 and is of no p a r t i c u l a r  use f o r  smaller 6 .  JOHNSON 
and STZMPF [ll, 121 genera ted  a second order  p e r t u r b a t i o n  s o l u t i o n  i n  powers 
of a w h i c h  they hoped would be v a l i d  t o  escape f o r  very  smal l  a . It i s  
demonstrated t h a t  t h i s  method is  completely unsu i t ed  f o r  s m a l l a ,  and i n  
f a c t  i s  v a l i d  t o  escape only  f o r  U ) O . Z .  
down almost  immediately. The asymptotic method employed by ZEE [l3] and 
LASS and LORREL f14] w a s  eva lua ted  last. I t  w a s  found t o  be v a l i d  over  
almost t h e  e n t i r e  t r a j e c t o r y ,  i n  f a c t  up t o  the  l a s t  r evo lu t ion .  During 
the  las t  r e v o l u t i o n ,  t he  e c c e n t r i c i t y  r a p i d l y  increases and the  method 
breaks  down. Attempts were made t o  combine the  asymptot ic  and pe r tu rba -  
t i o n  methods. These a t tempts  were unsuccessful .  In  summary, t h e  problem 
of o b t a i n i n g  an approximate a n a l y t i c  s o l u t i o n  which i s  v a l i d  t o  t h e  p o i n t  
of escape  f o r  a(10-2 remains unsolved. 
For t h e  esca e and ca t u r e  phases us ing  ion  propuls ion ,  
a t y p i c a l l y  ranges between 10- s and 10- L! . ANTHONY [lo] and o t h e r s  have 
Thei r  method i s  v a l i d  t o  t h e  p o i n t  of 
For a < i U - 2  t h e  s o i u t i o n s  break 
The escape  and cap tu re  phases a r e  t r e a t e d  numer ica l ly  i n  Sec t ion  4. 
escape  problem, t h a t  of c o r r e c t i n g  t h e  d i r e c t i o n  of t h e  escape  asymptote,  
is d i scussed  i n  Paragraph 4.1. I t  i s  too c o s t l y  i n  t i m e  and payload t o  
c o r r e c t  t h e  escape asymptote by t h r u s t  vec to r  s t e e r i n g  du r ing  t h e  l a s t  
r e v o l u t i o n  about t h e  t a r g e t  p l ane t .  BATTIN and MILLER f15] would vary  t h e  
t h r u s t  a c c e l e r a t i o n  sometime s h o r t l y  before  the  l a s t  r e v o l u t i o n  t o  make up 
f o r  p r e d i c t e d  e r r o r s  i n  the  asymptote. This  method, whi le  t h e o r e t i c a l l y  
f e a s i b l e ,  depends on t h e  p r e c i s e  c a l c u l a t i o n  of a very smal l  c o r r e c t i v e  
t h r u s t .  The method, recommended i n  t h i s  r e p o r t ,  is  t o  t u r n  the  t h r u s t  o f f  
f o r  a s h o r t  i n t e r v a l ,  sometime b e f o r e  the  l a s t  r e v o l u t i o n ,  when t h e  o r b i t  
e c c e n t r i c i t y  i s  s t i l l  s m a l l .  The coas t  d u r a t i o n  is a n a l y t i c a l l y  r e l a t e d  t o  
t h e  asymptote o r i e n t a t i o n  e r r o r .  
The 
The major p o r t i o n  of Sec t ion  4 d e a l s  with t h e  problem of s t e e r i n g  t o  a c i r -  
c u l a r  o r b i t  s t a r t i n g  from off-nominal condi t ions  a t  cap ture .  Unlike the  
escape  problem, t h i s  problem cannot be disposed by s imply va ry ing  t h e  t h r u s t  
l e v e l  or  by j u d i c i o u s l y  tu rn ing  t h e  t h r u s t  on and o f f .  
s o l v e  t h i s  problem by s t e e r i n g  t o  a pseudo-reference pa th .  
does n o t  depend on an  e x p l i c i t  s o l u t i o n  t o  t h e  t r a j e c t o r y .  
BATTIN and MILLER 
The i r  method 
An e n t i r e l y  d i f f e r e n t  s o l u t i o n  i s  developed i n  Paragraph 4.3;  one which does 
n o t  depend on an e x p l i c i t  s o l u t i o n  o r  any r e f e r e n c e  pa th .  
a n g l e  i s  c o n t r o l l e d  a s  a func t ion  of t h e  ins tan taneous  energy and v e l o c i t y  
heading angle .  
d i s t a n c e  and t h e  v e l o c i t y  heading angle  a t  cap ture .  
which a l l o w  one t o  estimate the  c h a r a c t e r i s t i c  v e l o c i t y  a s  a func t ion  of  
t he  c a p t u r e  cond i t ions  us ing  two d i f f e r e n t  c o n t r o l  ga ins .  
The s t e e r i n g  
Convergence i s  achieved even f o r  l a r g e  e r r o r s  i n  t h e  r a d i a l  
Curves a r e  presented  
While a feedback l o g i c  is  developed for  t h e  cap tu re  phase,  none is presen ted  
f o r  t h e  i n t e r p l a n e t a r y  phase.  I n  f a c t  t h e  p r i n c i p a l  unsolved problem i s  
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how t o  p r o j e c t  e r r o r s  from t h e  i n t e r p l a n e t a r y  phase t o  e r r o r s  a t  t h e  s t a r t  
of t he  c a p t u r e  phase. 
by a t r a n s i t i o n  r e g i o n  i n  which t h e  s o l a r  and p l a n e t a r y  a t t r a c t i o n s  a r e  on 
t h e  same o r d e r .  This problem i s  d i scussed  i n  Sec t ion  5. 
D i f f i c u l t i e s  a r i s e  because t h e  two phases a r e  l i nked  
-4 - 
SECTION 2 
INTERPLANETARY TRANS FER 
2 .1  THE ENERGY PIOMENTlJM DIAGRAM 
For t h e  t r a n s f e r  phase of t h e  miss ion ,  t he  assumption i s  made t h a t  t h e  
v e h i c l e  s tar ts  i n  a c i r c u l a r  o r b i t  about t h e  Sun a t  one as t ronomica l  u n i t  
(1AU) and t e rmina te s  i n  a c i r c u l a r  o r b i t  about  t h e  Sun a t  a r a d i u s  equal  
t o  t h a t  o f  t h e  t a r g e t  p l a n e t .  The problem i s  t o  steer t h e  v e h i c l e  between 
t h e  two o r b i t s  u s ing  cons t an t  o r  ze ro  t h r u s t  a c c e l e r a t i o n .  The p l a n e t a r y  
a t t r a c t i o n s  are ignored i n  the  fol lowing d i scuss ion .  
I n  g e n e r a l ,  s o l u t i o n s  which s a t i s f y  the  boundary cond i t ions  are found by 
t r i a l  and e r r o r .  However, by mapping the  t r a n s f e r  o r b i t  on an energy- 
problems, one commencing a t  t h e  inne r  o r b i t  and t h e  o t h e r  commencing a t  
t h e  o u t e r  o r b i t .  I n  t h i s  way, t h e  t r a n s f e r  o r b i t  can  be found d i r e c t l y  
wi thou t  r e c o u r s e  t o  t r i a l  and e r r o r  methods. 
r momentum (E-h) diagram, t h e  problem can be s p l i t  i n t o  two i n i t i a l  va lue  
The i d e a  o f  u s i n g  t h e  energy-momentum diagram w a s  suggested by RODRIQUEZ 
111 i n  1959. 
no c o a s t  segment bu t  i n s t e a d  r e q u i r e d  two d i f f e r e n t  a c c e l e r a t i o n  levels t o  
match end c o n d i t i o n s .  
t h e  energy-momentum diagram t o  pa t ch  segments of c o n s t a n t  c i r c u m f e r e n t i a l  
and r a d i a l  t h r u s t  a c c e l e r a t i o n  l inked  by a c o a s t  phase.  
ed t o  u s e  t h e  E-h diagram t o  pa tch  segments of c o n s t a n t  t a n g e n t i a l  t h r u s t  
a c c e l e r a t i o n ,  bu t  w a s  unable  t o  l i n k  the two segments. This  d i f f i c u l t y  can  
be handled  by a theorem on image t r a j e c t o r i e s .  
used an e n e r g y - e c c e n t r i c i t y  diagram t o  l i n k  segments of cons t an t  t a n g e n t i a l  
t h r u s t  a c c e l e r a t i o n .  H i s  s o l u t i o n s  provide the  minimum c h a r a c t e r i s t i c  
v e l o c i t y  t r a n s f e r s  f o r  f i x e d  t h r u s t  a c c e l e r a t i o n  when t h e r e  i s  no r e s t r i c t i o n  
on t h e  t o t a l  t i m e  of f l i g h t .  
H i s  r e s t r i c t i o n s  were somewhat d i f f e r e n t  than  ours .  H e  had 
Our r e s t r i c t i o n s  are more r ea l i s t i c .  LEVIN [ 2 ]  used 
MOECKEL 141 a t tempt-  
FOX 131 i n  1959 s u c c e s s f u l l y  
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. 
A hypothe t ica l  t r a n s f e r  t r a j e c t o r y  and t h e  corresponding E-h diagram are 
shown in  Figure 2-1.  
p o i n t s  1 and 2 ,  r e s p e c t i v e l y .  
c o a s t s  on a KEPLER e l l i p s e  from a t o  b ,  and is  powered from b t o  2 .  
a and b l i e  on t h e  same e l l i p s e ,  they a r e  c o i n c i d e n t  on t h e  E-h diagram. 
The d e p a r t u r e  and t a r g e t  o r b i t s  a r e  des igna ted  as 
The v e h i c l e  i s  powered from 1 t o  a ,  i t  
Since 
The procedure f o r  o b t a i n i n g  t h e  t r a n s f e r  o r b i t  f o r  s p e c i f i e d  t h r u s t  d i r e c -  
t i o n s  and t h r u s t  a c c e l e r a t i o n  i s  as fol lows:  The equat ions  of motion f o r  
powered f l i g h t  a r e  i n t e g r a t e d  ( e i t h e r  by approximate a n a l y t i c a l  t echniques  
o r  numerical methods) from 1 t o  some p o i n t  beyond t h e  expected l o c a t i o n  
of  a.  The corresponding trace on t h e  E-h diagram i s  made. Next,  t h e  
equat ions a r e  i n t e g r a t e d  backwards from p o i n t  2 p a s t  t h e  expected l o c a t i o n  
o f  b. The corresponding t r a c e  i s  made on t h e  E-h diagram. The i n t e r s e c t i o n  
of  t h e  l i n e s ,  corresponding t o  t h e  two powered segments,  on t h e  E-h diagram 
l o c a t e  p o i n t s  a and b on t h e  t r a n s f e r  t r a j e c t o r y .  
f i t t e d  between a and b. The parameters  of  g r e a t e s t  i n t e r e s t  are  t h e  t o t a l  
f l i g h t  t i m e ,  t h e  t o t a l  powered t i m e ,  and t h e  p o l a r  a n g l e  0 between 1 and 2 .  
A KEPLER e l l i p s e  i s  
2 . 2  TKE POWERED THRUST SEGMENTS 
The geometry f o r  t h e  powered t h r u s t  segments i s  shown i n  Figure 2 - 2 .  
v e h i c l e  p o s i t i o n  P i s  d e f i n e d  i n  terms of t h e  p o l a r  c o o r d i n a t e s  r and 
The v e h i c l e  v e l o c i t y  
t i o n @  w i t h  r e s p e c t  t o  t h e  outward r a d i a l  d i r e c t i o n .  
t h r u s t  a c c e l e r a t i o n  f i s  s p e c i f i e d  e i t h e r  by t h e  ang_le $ r e l a t i v e  t o  t h e  
outward r a d i a l  d i r e c t i o n  o r  t h e  a n g l e  p r e l a t i v e  t o  v.  
s p e c i a l  ca ses :  
The 
8 .  
i s  expressed i n  terms of i t s  magnitude v and d i r e c -  
The d i r e c t i o n  o f  t h e  
There are fou r  
q =  0 r a d i a l  t h r u s t  
tl/ = T I 2  c i r c u m f e r e n t i a l  t h r u s t  
P = o  t a n g e n t i a l  t h r u s t  
/3 = ~ / 2  normal t h r u s t  
It should be noted t h a t  9 is  t i m e  v a r i a b l e  when /3 i s  f i x e d  and v i c e  versa. 
When J/ i s  t h e  c o n t r o l  parameter ,  t h e  e q u a t i o n s  o f  motion are cpnvenient ly  
espressed  a s  
h2 km 
r r 
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f 
FIGURE 2-2 .  VELOCITY AND THRUST VECTOR GEOMETRY 
s 
FIGURE 2 - 3 .  IMAGE TRAJECTORY WITH RESPECT TO P O I N T  2 
2 6 = h / r  
where k is  t h e  u n i v e r s a l  cons t an t  of  g r a v i t a t i o n ,  m i s  t h e  mass of t h e  
a t t r a c t i n g  body ( t h e  Sun i n  t h i s  c a s e ) ,  and h i s  t h e  angular  momentum 
about t h e  a t t r a c t i n g  body. 
On t h e  o t h e r  hand, when i s  t h e  c o n t r o l  parameter ,  iiie eqiiations sre mre 
convenient ly  expressed as 
ir = - c o s @  + f C O S B  2 r (2-5) 
V 6 = - s i n @  r 
A s  desc r ibed  ear l ie r ,  t h e  v e h i c l e  i s  powered from b t o  2. However, i n  
de te rmining  t h e  t r a n s f e r  o r b i t ,  b i s  unknown. Consequently,  one must 
s t a r t  w i t h  c i r c u l a r  o r b i t  cond i t ions  a t  2 and i n t e g r a t e  backwards t o  f i n d  
b. In p r a c t i c e ,  one c a l c u l a t e s  t h e  image t r a j e c t o r y  2 t o  c (where c i s  
t h e  image p o i n t  of b ) ,  and by r e f l e c t i o n  o b t a i n s  t h e  d e s i r e d  t r a j e c t o r y  
b t o  2. 
t h e  equa t ion  sets (2-1,  2 ,  3 ,  4 )  and (2-5, 6 ,  7 ,  8) by t h e  method desc r ibed  
by MIELE 1161. 
Th i s  may be seen  by c a r r y i n g  out a coord ina te  t ransformat ion  of  
Equat ions  (2-1) through (2-4) remain i n v a r i a n t  under t h e  t ransformat ion  
S i m i l a r l y ,  Equat ions (2-5) through (2-8) remain i n v a r i a n t  under t h e  t r a n s -  
forinat i o n  
-9- 
* 
The s t a r r e d  v a r i a b l e s  (except f o r  7 )  a r e  p i c t u r e d  i n  F igure  2 - 3 .  The 
invar iance  of t h e  equat ions  of motion sugges ts  t h a t  t h e  s o l u t i o n  going 
from 2 t o  c may be used t o  o b t a i n  the  image t r a j e c t o r y  from 2 t o  b.  
r u s e  was used t o  o b t a i n  t h e  t r a n s f e r  o r b i t s  i n  t h i s  s e c t i o n .  
This  
It should be noted t h a t  t h e  theorem on image t r a j e c t o r i e s  does n o t  apply 
when the t h r u s t  a c c e l e r a t i o n  is  a v a r i a b l e .  Without t h i s  a i d  t h e  two p o i n t  
boundary va lue  problem cannot be reduced t o  two i n i t i a l  va lue  problems. 
-10- 
1 
2.3 SOLUTIONS USING TANGENTIAL THRUST ACCELERATION 
EDELBAUM [17] has  shown t h a t  t h e  a b s o l u t e  minimum c h a r a c t e r i s t i c  v e l o c i t y  
f o r  a t r a n s f e r  between coplanar  c i r c u l a r  o r b i t s  w i t h  r a d i i  r a t i o s  less 
than 12 i s  d e f i n e d  by an impulsive HOHMANN t r a n s f e r .  Low t h r u s t  t r a n s f e r s  
r e q u i r e  g r e a t e r  c h a r a c t e r i s t i c  v e l o c i t i e s  t h a n  impulsive t r a n s f e r s ,  b u t  t h e  
d i f f e r e n c e s  a r e  small  when t h e  o r b i t  r a d i i  r a t i o s  a r e  less  than  2. 
For a IiCliiEiaTt Cransfer, t:ti-imt $a app?i& t a n g e n t i s l l y .  TherefnrPi it 
i s  l o g i c a l  t o  f i r s t  cons ider  t a n g e n t i a l  t h r u s t  s t e e r i n g  programs f o r  low 
t h r u s t  t r a n s f e r s .  The r e s u l t s  which follow l a r g e l y  d u p l i c a t e  those  obta ined  
by FOX [31, whose work had been overlooked. 
The t r a n s f e r  o r b i t s  were generated u s i n g  t h e  E-h diagram w i t h  powered 
t h r u s t  segments obta ined  by numerical  i n t e g r a t i o n  of t h e  s e t  (2-5) through 
(2-8) w i t h  fi = 0. 
i n n e r  o r b i t  parameters.  S p e c i f i c a l l y ,  t h e  r a d i a l  d i s t a n c e ,  t i m e ,  and t h e  
t h r u s t  a c c e l e r a t i o n  a r e  expressed i n  t h e  nondimensional u n i t s  
The r e s u l t s  are expressed i n  u n i t s  normalized on t h e  
T r a n s f e r  o r b i t s  were c a l c u l a t e d  f o r  combinations of  t h r u s t  a c c e l e r a t i o n  
a = 0 . 5 ,  0 . 2 ,  0.1, 0.05, and 0.02 and f i n a l  o r b i t  r a d i i  P2 = 1 . 2 ,  1.228, 
1 .5 ,  2 ,  5 ,  and 10. The important  t r a n s f e r  o r b i t  c h a r a c t e r i s t i c s  a r e  l i s t e d  
i n  Table  2-1. The energy and momentum of t h e  i n t e r m e d i a t e  KEPLER o r b i t  
a r e  d e s i g n a t e d  by Eab and hab, r e s p e c t i v e l y .  The r a d i a l  d i s t a n c e s  a t  a 
and b are t a b u l a t e d  i n  t h e  next  two columns. These f o u r  parameters  d e f i n e  
t h e  segment of t h e  t r a n s f e r  e l l i p s e .  
d e f i n e  t h e  range angles  a t  a ,  b ,  and 2 measured from 1. Likewise Ta, Tb 
and r2 g i v e  t h e  normalized t i m e  i n  rad ians  of  t r a v e l  a t  t h e  i n n e r  o r b i t  
s t a r t i n g  a t  1. T denotes  t h e  t o t a l  powered t i m e  i n t e r v a l  and UT denotes  
t h e  c h a r a c t e r i s t i c  v e l o c i t y .  
The p o l a r  angles  ea, e,, and e2 
P P 
The c h a r a c t e r i s t i c  v e l o c i t y  UT i s  p l o t t e d  i n  Figure 2-4 as a f u n c t i o n  
of P2 f o r  s e l e c t e d  t h r u s t  a c c e f e r a t i o n  l e v e l s  a. 
i s t i c  v e l o c i t y  f o r  t h e  HOHMANN t r a n s f e r  given by t h e  e q u a t i o n  
Also shown i s  t h e  c h a r a c t e r -  
The d i f f e r e n c e  between t h e  low t h r u s t  t r a n s f e r  and t h e  impulse t r a n s f e r  
i s  n e g l i g i b l e  f o r  P < 2. On t h i s  b a s i s ,  i t  i s  concluded t h a t  t h e  combina- 
t i o n  of two t a n g e n t i a l  t h r u s t  segments l inked  by a c o a s t  segment is  optimal 
- 11- 
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i f  no r e s t r i c t i o n  i s  p laced  on t o t a l  f l i g h t  t i m e .  
no t  made by FOX. The f l i g h t  times f o r  t h e  powered t h r u s t  segments and 
t h e  t o t a l  f l i g h t  t i m e  a r e  p l o t t e d  as  func t ion  of  U i n  F igure  2-5. I n  a l l  
c a s e s ,  t h e  t o t a l  f l i g h t  t i m e  i nc reases  a s  t h e  t h r u s t  a c c e l e r a t i o n  dec reases .  
Likewise,  t he  t o t a l  range angle  ob shown i n  F igure  2-6 i n c r e a s e s  a s  t h e  
(11 decreases .  
This  obse rva t ion  was 
2.4 REVIEW OF OPTIMAL SOLUTIONS FOR RESTRICTED FLIGHT TIMES 
ZIMMERMAN, MACKAY, and ROSSA [8] presented  r e s u l t s  of an  ex tens ive  computer I 
s t udy  f o r  opt imal  t r a n s f e r  from Ear th  t o  Mars us ing  segments of cons t an t  
t h r u s t  l inked  by a c o a s t  segment. The s t e e r i n g  angle  and t h r u s t  d u r a t i o n s  
were the c o n t r o l  v a r i a b l e s  f o r  ob ta in ing  minimum c h a r a c t e r i s t i c  v e l o c i t y  
t r a n s f e r s  f o r  s p e c i f i e d  i n i t i a l  t h r u s t  t o  weight  r a t i o s .  They obta ined  
r e s u l t s  w i t h  and wi thout  c o n s t r a i n t s  on f l i g h t  t i m e .  
With no c o n s t r a i n t  on f l i g h t  t ime,  they  show t h a t  #' should be c l o s e  t o  
n / 2  (or what i s  almost e q u i v a l e n t ,  t h a t  should be c l o s e  t o  0 )  f o r  both 
t h r u s t  segments. The r e s u l t s  p l o t t e d  i n  F igure  2-4 a r e  i n  c l o s e  agreement 
w i t h  t h i s  conc lus ion .  I 
For f l i g h t  times, s h o r t e r  than obta ined  us ing  t a n g e n t i a l  t h r u s t ,  ZIMMERMAN, 
MACKAY and ROSSA show t h a t  + should be t i l t e d  toward t h e  outward r a d i a l  
d i r e c t i o n  du r ing  the  f i r s t  t h r u s t  segment, and inward du r ing  the  second 
t h r u s t  segment t o  maximize t h e  payload. The powered segments a r e  longer  
i n  du ra t ion ,  bu t  t h e  c o a s t  segment i s  s h o r t e r .  A s  a r e s u l t ,  t h e  c h a r a c t e r -  
i s t i c  v e l o c i t y  requirement  i nc reases  a s  the  f l i g h t  t i m e  dec reases .  This  
same r e s u l t  was obta ined  independent ly  by MELBOURNE and SAUER [7]. 
There is  a lower l i m i t  on f l i g h t  t i m e  f o r  a given t h r u s t  l e v e l ,  occu r r ing  
when t h e  coas t  phase van i shes .  This  l i m i t i n g  case  was so lved  by FAULDERS 
[I81 i n  1961. FAULDERS' opt imal  t h r u s t  s t e e r i n g  program f o r  P 2  = 1.5 
and ct = 0.1667 i s  shown i n  F igure  2-7. For  t h i s  example, t ke  normalized 
f l i g h t  time 7 i s  3.22 and t h e  c h a r a c t e r i s t i c  v e l o c i t y a T p  i s  0.537. This  
compares wi th  7 = 5.50 and015  = 0.177 when no r e s t r i c t i o n  i s  p laced  on 
the  f l i g h t  t ime. 
The E-h  pa th  f o r  FAULDERS' s o l u t i o n  i s  shown i n  F i g u r e  2-8. It e x h i b i t s  a 
c losed loop which i n t e r s e c t s  a t  E = -0,382 and h = 1.105. 
segment around the  loop i s  rep laced  by a KEPLER e l l i p s e  w i t h  va lues  of  E 
and h def ined  by t h e  i n t e r s e c t i o n  p o i n t  on t h e  loop ,  one f i n d s  a s l i g h t l y  
l a r g e r  T (3.43 compared t o  3.22), and a s i g n i f i c a n t l y  sma l l e r  UTp (0.312 
compared t o  0.537). This  i s  i n d i c a t i v e  of t h e  l a r g e  p ropu l s ion  pena l ty  
one pays  f o r  even small  r educ t ions  i n  t h e  f l i g h t  t ime.  


































B -; c3 
W cn 
el 
R “d  
p?( 
















p* = 2 '  
0.1 0.2 0.3 0.4 0.5 
THRUST ACCELERATION, a 
FIGURE 2-6.  RANGE ANGLE 
-17- 
180 I 1 I I I I 
- oC = 0.1667 - 







- I -  







9 0  
U 







FIGURE 2-7. OPTIMUM STEERING ANGLE FOR CONTINUOUS THRUST p 1  
-0.30 I I 
d = 0.1667 






ZERO ECCENTRICITY t w u -0.40 E 
REGION O F  IMAGINARY MOTION 
E 
-0.50 
1.0 1.1 1.2  1.3 
MOMENTUM, h 
FIGURE 2-8.  E-h DIAGRAM FOR OPTIMUM STEERING PROGRAM 
-18- 
, MELBOURNE and SAUER [93 s t u d i e d  t h e  t r a n s f e r  problem when ( t h e  s t e e r i n g  
angle  d u r i n g  the  f i r s t  t h r u s t  segment) a n d q 2  ( t h e  s t e e r i n g  angle  d u r i n g  
the second t h r u s t  segment) a r e  he ld  cons tan t .  They determined t h e  v a l u e s  
Com- 
par ing  t h e s e  r e s u l t s  w i t h  those  obta ined  e a r l i e r  [7]  f o r  v a r i a b l e  9, 
MELBOURNE and SAUER found only  smal l  d i f f e r e n c e s  i n  payload c a p a b i l i t y .  
and $2 can provide near  optimum r e s u l t s .  
I of fi and q2 which maximize t h e  payload fo r  s p e c i f i e d  f l i g h t  t i m e .  




2.5 ANALYTIC SOLUTIONS FOR CONSTANT STEERING ANGLES 
Approximate analytic solutions for the powered thrust segments of the 
transit phase with $ held constant can be obtained by the method described 
below. The model geometry is shown in Figure 2-9 where S denotes the Sun, 
P. denotes the planet (i = 1 for Earth and 2 for Mars) and P denotes the 
vihicle. P .  moves in a circular orbit with radius r and angular rate n 
about S .  The position of P may be defined in terms of either the inertial 
XY coordinates with origin at S or the rotating xy coordinates with origin 
at Pi. The method of solution is based on the observation that for typical, 
near optimum Earth to Mars or Earth to Venus transfers, x and y remain small 
compared to ri. I 
The transformation between XY and xy coordinates is given by 
i 
I 
X = (r. + x) cos nt - y sin nt 
1 
Y = (ri + x) sin nt + y cos  nt 
The time derivatives of X and Y are 
i = A cos nt - j .  sin nt - n(ri + x)sin nt - ny cos nt 
Y = x sin nt + y cos nt + n(r + x)cos nt - ny sin nt i 
(2- 10) 
(2- 11) 
and the kinetic energy per unit mass is 
Planetary attractions are ignored in the transit phase. The gravitational 
attraction of the Sun is derivable from the potential function 
V = -km/r (2-13) 
where k is the universal constant of gravitation and m is the mass of the 





FIGURE 2-53, GEOMETRY USING A ROTATING COORDINATE SYSTEM 
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2 3 
Using the r e l a t i o n  n = km/ri, V becomes 
(2- 15) 
The t o t a l  energy E = T + V and t h e  angular  momentum h = XY - YX are given 
by 
2 2 2  2 
E = 1 [k2 + 9 + 2n(x9 - y ; ~ )  + n (2y - x 2 
+ 2n r 9 + n 2 r (4x - ri)] 
i i 
h = r i [$ + n (ri + 2x)] 
(2-16) 
(2- 17 )  
The equat ions of motion are obta ined  u s i n g  t h e  Lagrangian formula t ion  
(2- 18) 
* 
where L = T - V ,  f i s  t h e  t h r u s t  a c c e l e r a t i o n  and i s  t h e  a n g l e  between 
f and the  x a x i s .  
i n  t h e  a n a l y s i s )  t h e  angle  + i s  approximately e q u a l  t o  '!'. The e x p l i c i t  
forms of t h e  equat ions  of  motion a r e  
d /  
For x and x small compared t o  r i ( t h e  b a s i c  assumption 
.. 2 x - 2njr - 3n x = f cos  q'k 
.. y + 2nA = f s i n + *  
(2-19) 
0 
These equat ions are normalized by t a k i n g  
4 = x l r i ,  q = Y h i ,  7 = n t ,  a = f / (n ' r i>  
In terms of t h e  above parameters ,  t h e  e q u a t i o n s  become 
* 5" - 2 7 ) '  - 3 e  = u c o s  + 
(2-20) 
* 
TI' + 2 5 '  = u s i n  I) 
-22- 
where primes denote  d e r i v a t i v e s  wi th  respect t o  T .  
h become 
E = L [ e f 2  2 + q t 2  + 2(471 '  - Q e ' )  + 27: - c 2  + 2q'  + 45 - 11 
In  t h e s e  u n i t s ,  E and 
( 2 - 2 1 )  
h = q' + 1 +  2 5  
The s o l u t i o n s  t o  ( 2 - 2 0 )  are 
4 = 5 ,  + 35, (1 - cos  T) + 5 ;  s i n  T + 2 ~ :  (1 - cos  T) 
+ 2 a  s i n  (7 - s i n  7)  
71 = .  - 6 4 ,  (7 - s i n  7) +To - 2%; ( 1 - cos 7) - 3q '  7 +  4T' s i n 7  
* * 2  1 
0 0 
+ a 4 s i n $  (1 - cos  7) - - s i n +  7 - 7 cos  1c/ c 
and t h e i r  d e r i v a t i v e s  are 
4 '  = 3( s i n  T + 5 ;  cos  7 + 371' s i n  T + 2 ~ s i n  JI (1 cos  T )  * 
0 0 
q' = -65, (1 - cos  7) - 2e; s i n  7 - 3qA + 4% COST 
* * 1 
2 s i n  'Fc/ s i n 7 -  3 s i n  9 7 -  - c o s  $ 
( 2 - 2 2 )  
( 2 - 2 3 )  
( 2 - 2 4 )  
I f  t h e  v e h i c l e  s tar ts  i n  a c i r c u l a r  o r b i t  a t  r a d i u s  r t h e  i n i t i a l  va lues  
i' EA, and 7)' are ze ro ,  and t h e  s o l u t i o n s  reduce t o  4 0 ,  To3 0 
( 2 - 2 6 )  
T r a n s f e r  t r a j e c t o r i e s  between c i r c u l a r  o r b i t s  w i th  r = 1 and r = 1.5 2 were c a l c u l a t e d  f o r  a =  0 . 2  (normalized a t  rl) and a 1 1 combinations of t h e  
-23- 
s t e e r i n g  ang le s  9 
75, 90, and 105 degrees .  
each combination were patched us ing  t h e  E-h diagram. 
= 75, 90 ,  105, 120, and 135 degrees ,  and q2 = 4 5 ,  60, 1 The two t h r u s t  segments and the  c o a s t  segment fo r  
C h a r a c t e r i s t i c  v e l o c i t y  ar and t h e  t o t a l  range angle  0 a r e  p l o t t e d  as P func t ions  of t h e  t o t a l  f l i g h t  t ime i n  Figures  2-10 and 2 - 1 1 ,  r e s p e c t i v e l y .  
These f igu res  were c r o s s - p l o t t e d  t o  o b t a i n  Figure 2-12, i n  which c h a r a c t e r -  
i s t i c  v e l o c i t y  contours  and t h e  s t e e r i n g  ang le  combinations are shown a s  
func t ions  of t he  t a r g e t  p l a n e t  l ead  angle  8, and the t o t a l  f l i g h t  t i m e .  
The lead angle  i s  the  c e n t r a l  angle  between t h e  t a r g e t  p l a n e t  P2 and the  
v e h i c l e  P a t  t h e  s t a r t  of t h e  t r a n s f e r  phase.  e L  i s  r e l a t e d  t o  8 and 7 
a t  rendezvous by the  equat ion  
8, = 8 - n T  2 (2-28) 
2 '  where n i s  t h e  mean r a t e  of P 
F igure  2-12 i s  most i n s t r u c t i v e .  
approximately 90 degrees  t o  minimize c h a r a c t e r i s t i c  v e l o c i t y ,  which agrees  
wi th  the r e s u l t s  i n  Paragraph 2.3. 
degrees .  Figure 2-12 can be used t o  e s t i m a t e  t h e  c h a r a c t e r i s t i c  v e l o c i t y  
pena l ty  t o  be paid should .8 d i f f e r  from t h e  nominal va lue  due t o  e i t h e r  
launch de lays  or  t i m e  de lays  i n  r each ing  t h e  p l a n e t a r y  escape c o n d i t i o n s .  
The c h a r a c t e r i s t i c  v e l o c i t y  p e n a l t i e s  may be determined wi th  and wi thou t  
t he  f l i g h t  t i m e  he ld  f ixed .  
2 
It shows t h a t  q 1  and ?/ I2  should be 
The l ead  angle  f o r  t h i s  case  is 49.5 
L 
Figure 2 - 1 2  a l s o  shows the  c h a r a c t e r i s t i c  v e l o c i t y  pena l ty  one pays t o  
achieve s h o r t e r  f l i g h t  t i m e s .  For any g iven  7 ,  t h e r e  i s  a unique combina- 
t i o n  of $ and $ which minimizes UTp. Figure 2-12 was used t o  gene ra t e  
q2, and t h e  corresponding ar shown i n  Figure the  p l o t s  of  optimum 
2-13. A s  7 decreases,"% decreases  and $2 i n c r e a s e s .  &is ag rees  wi th  
the curves given by MELBOURNE and SAUER i n  F igure  4 of [ 9 ]  f o r  somewhat 
d i f f e r e n t  va lues  of r and a. 
MELBOURNE and SAUER and o t h e r  i n v e s t i g a t o r s ,  who use  the  c a l c u l u s  of v a r i a -  
t i o n s  t o  determine opt imal  s t e e r i n g  programs, must r e l y  on ex tens ive  computer 
programs t o  s o l v e  the  two-point boundary va lue  problem. 
equat ions be  solved numer ica l ly ,  bu t  they must be solved many t i m e s  over  t o  
converge on a s i n g l e  s o l u t i o n .  It i s  obvious ly  expensive t o  gene ra t e  a 
f a m i l y  of opt imal  s o l u t i o n s  by t h i s  method as one o r  more parameters  a r e  
v a r i e d ,  
and 1 2 
2 
Not only  must t h e  
The approach presented  above i s  e n t i r e l y  d i f f e r e n t .  No a t t empt  i s  made t o  
generate  the  opt imal  s o l u t i o n s  d i r e c t l y .  Rather  t h e  problem i s  "shot-  
gunned" wi th  a wide choice  of s t e e r i n g  combinat ions.  Twenty-five combina- 
t i o n s  were used t o  gene ra t e  t h e  p l o t s  i n  F igure  2-12. 
each attempted s o l u t i o n  s a t i s f i e s  t h e  boundary c o n d i t i o n s .  The method i s  
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f u r t h e r  f a c i l i t a t e d  by having a n a l y t i c a l  s o l u t i o n s  f o r  t h e  ind iv idua l  
t h r u s t  segments. When t h e  r e s u l t s  a r e  p l o t t e d  as i n  Figure 2-12, one 
o b t a i n s  a mapping of t h e  e n t i r e  p rob lemwi th in  t h e  range of parameters 
considered.  
combinations and t h e  propuls ion  p e n a l t i e s  one pays f o r  f l y i n g  nonoptimal 
courses .  The f a c t  t h a t  t h e  nonoptimal s o l u t i o n s  are presented  thus appears  
as an advantage. 




APPROXIMATE ANALYTIC SOLUTIONS FOR PLANETARY ESCAPE AND CAPTURE 
3 . 1  INTRODUCTION 
The a n a l y t i c a l  methods f o r  d e s c r i b i n g  t h e  escape and c a p t u r e  phases  of a 
low t h r u s t  miss ion  are compared and eva lua ted  i n  t h i s  s e c t i o n .  The methods 
of a n a l y s i s  may be d iv ided  i n t o  t h r e e  groups: 
-1 (1) P e r t u r b a t i o n  s o l u t i o n s  i n  powers o f U  
such as t h e  works of TSIEN [19] , 
BENNEY [203, LAWDEN [21] , and ANTHONY [lo]. 
(2)  P e r t u r b a t i o n  s o l u t i o n s  i n  powers of a such 
as t h e  works of LEVIN [23, and JOHNSON and 
STUMPF [12]. 
(3) Asymptotoc s o l u t i o n s  f o r  s m a l l  a such as 
t h e  works of ZEE [13], and LASS and LORREL [ 1 4 ] .  
The main ques t ion  i s  whether any o f  t h e s e  methods can a c c u r a t e l y  d e s c r i b e  
t h e  motion c l e a r  t o  escape  u s i n g  even t h e  s i m p l e s t  of s t e e r i n g  programs. 
The numerical s t u d i e s  by PERKINS [ 2 2 ]  provide  a complete p i c t u r e  of low 
t h r u s t  escape from a c i r c u l a r  o r b i t  u s i n g  c o n s t a n t  t a n g e n t i a l  t h r u s t  
a c c e l e r a t i o n .  H i s  s o l u t i o n s  w i l l  serve as one b a s i s  f o r  comparison of t h e  
a n a l y t i c a l  methods. 
The geometry i s  shown i n  F i g u r e  2-1. L e t  a z e r o  s u b s c r i p t  denote  c o n d i t i o n s  




t '  
p = -  k =  
0 
0 
I where m i s  t h e  m a s s  of t h e  a t t r a c t i n g  p l a n e t ,  t h e  set (2-1) t o  ( 2 - 4 )  
becomes 
k' =*sin  
I k 8' = - 
and t h e  s e t  (2-5) t o  (2-8) becomes 
P2 
I 
0' =: -  cos + a c o s  B 
I P 2  
I p' = D cos  Q, I 
I 
8' = l3 - s i n  Q, 
P 
(3-4) 
I I n  a d d i t i o n ,  t h e  energy and momentum a r e  given by 
A t y p i c a l  low t h r u s t  escape s p i r a l  f o r  cons tan t  t a n g e n t i a l  t h r u s t  acce l -  
e r a t i o n  w i t h  a = 10-3 i s  shown i n  Figure 3-1. The v e l o c i t y  angle  9 and t h e  
o r b i t  e c c e n t r i c i t y  e a r e  shown a s  func t ions  of t h e  l o c a l  t h r u s t  acce le ra -  
numerical  i n t e g r a t i o n  of t h e  s e t  (3-4) t o  (3-7).  By t h e  t ime t h e  v e h i c l e  
r eaches  an  e c c e n t r i c i t y  of 0 .1 ,  it h a s  s p i r a l e d  n e a r l y  40 t i m e s  around t h e  
I 




- 3  
FIGURE 3-1. LAST PORTION OF A LOW THRUST ESCAPE SPIRAL, U = 10 
LOCAL THRUST ACCELERATION, U P  ' 
FIGURE 3 - 2 .  HEADING ANGLE AND ORBIT ECCENTRICITY 
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p l a n e t  w i th  a normalized t i m e  7 = 620. I n  t h e  i n t e r v a l  between e = 0.1 and 
e = 1 (escape) ,  t h e  v e h i c l e  makes less  than one r e v o l u t i o n  about t h e  
p l a n e t ;  b u t  t h e  a d d i t i o n a l  t i m e  increment i s  237 so t h a t  escape occurs  a t  
7 = 857. 
Supplementing PERKINS' r e s u l t s  [221 w i t h  our  numerical  c a l c u l a t i o n s ,  con- 
d i t i o n s  a t  escape w e r e  ob ta ined  as func t ions  of U. The l o c a l  t h r u s t  acce l -  
e r a t i o n  a p 2  and t h e  normalized v e l o c i t y  a - 1 1 4 ~  are p l o t t e d  i n  F igure  3-3, 
and the c'narticteristic velocity 47ti1id v e i o c i i y  angle A are plotted in 
Figure  3-4. PERKINS w a s  t h e  f i r s t  t o  recognize t h a t  a?, cz-1/4n and $J have 
t h e  same v a l u e s  a t  escape f o r  U < 
3.2 PERTURBATION SOLUTIONS FOR POWERS OF U-l 
ANTHONY [ lo ]  obta ined  p e r t u r b a t i o n  s o l u t i o n s  i n  powers of 
d i f f e r e n t  s t e e r i n g  programs: 
f o r  f i v e  
(1) c i r c u m f e r e n t i a l  t h r u s t  
(2)  t h r u s t  i n  a f i x e d  d i r e c t i o n  
(3) t a n g e n t i a l  t h r u s t  
( 4 )  l i n e a r  o f f - s e t  from t a n g e n t i a l  t h r u s t  
(5) q u a d r a t i c  o f f - s e t  from t a n g e n t i a l  t h r u s t  
For t h i s  method, t h e  equa t ions  o f  motion (3-1) and (3-2) are c a s t  i n  t h e  
forms 
d2  2 
- =  d2 (; - >) + d1 cos  f 
d$ 




where t h e  c h a r a c t e r i s t i c  v e l o c i t y 7  = U T  i s  t h e  independent v a r i a b l e .  The 
s t e e r i n g  ang le  e s a t i s f i e s  a s i d e  condi t ion  cor responding  t o  t h e  p a r t i c u l a r  
s t e e r i n g  program. For t h e  above mentioned s t e e r i n g  programs, p and k are 
even f u n c t i o n s  of  a-1. Consequently, the power series s o l u t i o n s  are r ep re -  
s e n t e d  as even powem of  (%-I: 
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s u b j e c t  to t h e  i n i t i a l  c o n d i t i o n s  
Po = 1, P2 = P4 = 0 
ko = 1, k2 = 0 
f o r  a c i r c u l a r  o r b i t .  
For c i r c u m f e r e n t i a l  t h r u s t ,  ANTHONY o b t a i n s  
3 
P = l + d 2 ( f + g )  
(3-15) 
Escape i s  def ined  by t h e  c o n d i t i o n  t h a t  t h e  energy (3-9) vanish .  The p r e -  
d i c t e d  c h a r a c t e r i s t i c  v e l o c i t y  a t  escape i s  
0.002349 0.000014 aTE = 0.414214 + 
a2 a4 
(3-16) 
This  r e s u l t  i s  compared i n  F igure  3-5 t o  t h e  exac t  numerical  s o l u t i o n  f o r  
c i r c u m f e r e n t i a l  t h r u s t .  The agreement i s  e x c e l l e n t  f o r  a > 0.2.  
For t a n g e n t i a l  t h r u s t ,  t h e  p r e d i c t e d  c h a r a c t e r i s t i c  v e l o c i t y  i s  somewhat 
s m a l l  e r  : 
0.001615 0.000064 U T E  = 0,414214 + 
a a 4  
(3-17) 
T h i s  r e s u l t  w a s  f i r s t  ob ta ined  by BENNY [20] i n  1958. It  i s  very  c l o s e  t o  
t h e  optimum s t e e r i n g ,  second o r d e r  s o l u t i o n  
(3-18) 0.001481 a~~ = 0.414214 + 
predic ted  by LAWDEN [21]  i n  t h e  Same y e a r .  Equat ion (3-17) a l s o  shows exce l -  
l e n t  agreement wi th  t h e  t r u e  s o l u t i o n  f o r  a > 0.2.  
a2 
Typica l  v a l u e s  of a f o r  low t h r u s t  escape  from a n e a r  Ear th  o r b i t  a r e  i n  
t h e  range between 10-2 and 10-4. T h i s  would sugges t  t h a t  a p e r t u r b a t i o n  
s o l u t i o n  i n  powers of a ( r a t h e r  than  a-') be at tempted.  















3 . 3  PERTURBATION SOLUTIONS FOR POWERS OF U 
L E V I N E 2 1  in 1959 presented a perturbation solution in powers of 01 for the 
case of constant circumferential thrust acceleration. This solution was 
expanded to terms of second order in a. 
extended L E V I N ' S  work to the case when the thrust vector is at any fixed 
angle $ relative t o  the radial direction. On examining this method, it is 
obvious that time variable functions of tr/ could also be accommodated. 
However, neither L E V I N  nor JOHNSON and STUMPF established the range of 
application of their solutions. 
JOHNSON and STUMPF [11 ,12 ]  
The method of analysis is sketched below. Starting with the differential 
equations ( 3 - 1 )  and (3-2) subject to the initial conditions 
one assumes series solutions for p and k in powers ofa: 
2 
P =  Po + U P 1  + a P2. 
2 
2 
k = k  +Uk + a k 
0 1 
( 3 - 1 9 )  
( 3 - 2 0 )  
Substituting these solutions into (3-1) and ( 3 - 2 ) ,  one obtains a power 
series i n  a which must vanish identically in a. 
like powers of a to zero, one finds 
Equating coefficients of 
p; = 0 (3-21) 
p;' + p1 = 2kl + cos + (3-22)  
( 3 - 2 3 )  
k"= 0 ( 3 - 2 4 )  
0 
k' = sin$ ( 3 - 2 5  1 
k' = p sin$ ( 3 - 2 6 )  2 1 
-38- 
These equat ions  a r e  i n t e g r a t e d  s u b j e c t  t o  t h e  i n i t i a l  cond i t ions  
(3-27) 
S u b s t i t u t i n g  t h e  s o l u t i o n s  i n t o  (3-19) and (3-20) ,  one g e t s  
P= 1 +  cos @ ( I -cos  T )  + 2 s i n  * ( T  - s in  T ) ]  
2 2 99(3T2 + 37 COST+ 5 cos  T +  6 c o s 7 +  2 7  s i n  7-11) 
s i n T -  4 s i n r c o s ~ )  
11 19 + s i n ~ c o s J / ( 8 T + - T c o s ~ -  2 T 2  s i n T -  - 2 2 2 
k = l + U  s i n $ T  
2)1 + a 2  [ s i n + c o s v  (7- s i n  7 )  + s i n  2 2  +(T + 2 cos  r -  
(3-28) 
(3-29) 
These s o l u t i o n s  con ta in  pe r iod ic  and secu la r  terms. Since s e c u l a r  terms 
arise i n  t h e  p e r t u r b a t i o n  method when the re  are phase s h i f t s  i n  t h e  
p e r i o d i c  terms,  i t  i s  no t  p o s s i b l e  t o  determine which of t h e  s e c u l a r  terms 
a r e  c h a r a c t e r i s t i c s  of t he  t r u e  motion. 
Consider t h e  s p e c i a l  ca se  of r a d i a l  t h r u s t  ( q =  0) ,  which i s  p e r i o d i c  wi th  
no s e c u l a r  phenomena f o r  a < 1 / 8 .  
[23] wi th  c o r r e c t i o n s  by KARRENBERG 1241, and AU[251. 
p e r t u r b a t i o n  s o l u t i o n  
The exact  s o l u t i o n  i s  given by COPELAND 
The f i r s t  o rde r  
p =  1 +&(1 + cos  7) (3-30) 
and t h e  second o rde r  p e r t u r b a t i o n  so lu t ion  
(3-31) 2 2 P =  1 + Q(1 + cos  7 )  + a  ( s i n  7 - 3 7  s i n 7 - 4  COST+ 4)  
a r e  compared t o  t h e  exac t  s o l u t i o n  i n  Figure 3-6 f o r  U < 0 and i n  
F igu re  3-7 f o r  a >.O. For U ( 0 ,  t h e  s o l u t i o n s  a r e  p l o t t e d  t o  t h e  f i r s t  
minimum f o r  p ; and f o r  a > 0,  the  s o l u t i o n s  a r e  p l o t t e d  t o  t h e  f i r s t  maxi- 
mum f o r  p .  s i n c e  t h e  t r u e  s o l u t i o n  i s  p e r i o d i c ,  t h e  motion is completely 
de f ined  by these  segments. 
-39- 
LOCUS OF MINIMUM P 
- ----- 2ND ORDER 
-I- FIRST ORDER \ 
RADIAL DISTANCE,  p 
F I G U R E  3 - 6 .  F I R S T  AND SECOND ORDER PERTURBATION SOLUTIONS COMPARED 7 





-.- 1ST ORDER 
--e-- 
I I I I I I 
0 1.1 1.2 1.3 . 1.4 1.5 1.6 1.7 
RADIAL DISTANCE, P 
FIGURE 3-7. FIRST AND SECOND ORDER PERTURBATION SOLUTIONS COMPARED TO 
NUMERICAL SOLUTIONS FOR POSITIVE RADIAL THRUST 
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The per iod of  t h e  e x a c t  s o l u t i o n  v a r i e s  w i t h  a; t h e r e  i s  a phase s h i f t .  
The f i r s t  o r d e r  s o l u t i o n  (3-30) ,  which has  no s e c u l a r  terms, does n o t  show 
t h e  phase s h i f t .  On t h e  o t h e r  hand, t h e  second order  s o l u t i o n  (3-31) 
accounts f o r  t he  phase s h i f t  by adding t h e  s e c u l a r  term - 3 a 2 7  s i n  T .  This  
i n c o r r e c t l y  implies  t h a t  t h e  motion i s  s e c u l a r  r a t h e r  than  p e r i o d i c .  
With c i r c u m f e r e n t i a l  t h r u s t  ( p =  T/2) t h e  t r a j e c t o r y  i s  an ever  i n c r e a s i n g  
s p i r a l ;  t h e r e  i s  s e c u l a r  phenomena. Both t h e  f i r s t  and second order  s o l u -  
t i o n s  fo r  $= TI2 have s e c u l a r  terms. However, one does n o t  know, a p r i o r i ,  
i f  t h e  s e c u l a r  terms a r e  due i n  p a r t  t o  phase s h i f t s .  The p e r t u r b a t i o n  
s o l u t i o n s  a r e  compared i n  Figure 3-8 t o  numerical  s o l u t i o n s  f o r  d i f f e r e n t  
t h r u s t  levels .  The escape  times a r e  a l s o  i n d i c a t e d .  The second o r d e r  
s o l u t i o n s  show good agreement t o  escape f o r  a > 0 . 2  and poor agreement f o r  
smal le r  U. 
Escape, a s  p r e d i c t e d  by t h e  second o r d e r  s o l u t i o n ,  i s  def ined  by 
a2 (1 - cos 7 )  - L .'3 + E - 1 2 = o  E 2 E  
Solving f o r  t h e  a r o o t  wi th  t h e  minus s i g n ,  one g e t s  
(3-32) 
r - 2  + i  - r E E 
? - 4 (1 - cos 7 )  E E 
a =  (3-33) 
This  equat ion  was used t o  genera te  t h e  curve f o r  UTE shown i n  F i g u r e  3-9. 
The range of a p p l i c a t i o n  i s  almost i d e n t i c a l  t o  ANTHONY'S f o u r t h  o r d e r  
s o l u t i o n  i n  powers o f  a-1 ( s e e  F igure  3-5) .  
s i n c e  a s o l u t i o n  v a l i d  t o  escape f o r  CL < 10-2 was sought .  
This  i s  a d i s a p p o i n t i n g  r e s u l t  
JOHNSON and STUMPF have suggested t h a t  t h e  s o l u t i o n  be extended t o  escape 
by s u c c e s s i v e l y  r e i n i t i a l i z i n g  t h e  problem. The procedure i s  i m p r a c t i c a l  
if the  r e f e r e n c e  s o l u t i o n  must be updated many t i m e s  b e f o r e  r e a c h i n g  
escape.  I n  t h e  l i m i t  a s  t h e  number of t i m e s  t o  update  i n c r e a s e s ,  t h e  
procedure degenerates  t o  "high c l a s s "  numerical  i n t e g r a t i o n .  
The f i r s t  and second o r d e r  p e r t u r b a t i o n  s o l u t i o n s  a r e  compared i n  
F igure  3-10 t o  t h e  t r u e  s o l u t i o n s  f o r a =  10-2 and 10-3 u s i n g  c i r c u m f e r e n t i a l  
t h r u s t .  Local a c c e l e r a t i o n p P 2  i s  p l o t t e d  a s  a f u n c t i o n  of  7 .  Escape 
occurs  near  T =  75 f o r  U = 10-2 and n e a r  7 = 860 f o r  a = Both t h e  
f i r s t  order  and second o r d e r  s o l u t i o n s  d e p a r t  from t h e  t r u e  s o l u t i o n s  a t  
very small va lues  of T . The second o r d e r  s o l u t i o n s  e x h i b i t  o s c i l l a t i o n s  
of i n c r e a s i n g  ampli tude with the  f i r s t  o r d e r  s o l u t i o n  a s  an approximate 
lower bound. Using e i t h e r  t he  f i r s t  o r  second o r d e r  s o l u t i o n s ,  t h e  
re ference  o r b i t  would have t o  be updated many t i m e s  b e f o r e  r e a c h i n g  escape .  
! 
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Further comparisons were made. 
negative circumferential thrust is shown in Figure 3-11. 
exhibits an oscillatory decay. The perturbation solutions, first and 
second order, follow the true solutions to the first local minimums but 
then depart. The second order solution is more accurate than the first 
order solution, but it does not extend the range of application. 
The case of $' = - n / 2  which corresponds to 
The true solution 
Comparisons for tr/ = n/4 are shown in Figure 3-12. 
to those shown in Figure 3-8. 
The results are similar 
Finally JOHNSON and STUMPF in [ll] show how their solution could be 
extended to handle the case of constant thrust for first order changes 
in mass. In this case,ais a function of 7: 
(3- 34)  a0 a=--- 1 - C T  
where a, is the initial thrust acceleration and c is a constant which is 
proportional to the mass flow rate. For small mass changes, c is on the 
order of a,. Thus the effect of mass change is second order. The change 
in p due to c is given by 
(3- 35) 
2 
(7 + 2 COST- 2) 
caO 
Ap = 
The second order perturbation solutions for circumferential thrust with 
different c and uo are shown in Figure 3-13. 
same as for c = 0. 
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-47- 
3 . ;  
3 .' 
2 .  













- EXACT ESCAPE 
- - - 2ND ORDER 
---1ST ORDER 
I 
I I I I I 7 
CHARACTERISTIC VELOCITY, U, 7 
FIGURE 3-12 .  F I R S T  AND SECOND ORDER PERTURBATION 
SOLUTIONSCOMPARED TO NUMERICAL 




- M A C T  
2.8- -- 2ND ORDER 





1 .6 -  
1.4 - 
CHARACTERISTIC VELOCITY, (x 7 
1 
. 7  
FIGURE 3-13. SECOND ORDER PERTURBATION SOLUTIONS COMPARED TO 
NUMERICAL SOLUTIONS FOR VARIABLE MASS AND 
CIRCUMFERENTIAL THRUST 
-49- 
3.4 ASYMPTOTIC METHOD 
ZEE [131,  and LASS and LORREL 1141 used t h e  asymptot ic  method of  KRYLOFF 
and BOGOLIUBOFF [26] t o  o b t a i n  low t h r u s t  t r a j e c t o r i e s  f o r  t a n g e n t i a l  and 
c i r cumfe ren t i a l  t h r u s t ,  r e s p e c t i v e l y .  The method and i t s  range of a p p l i -  
c a t i o n  a r e  reviewed below. 
To apply the  asymptot ic  method, the  s e t  ( 3 - 1 )  t o  ( 3 - 3 )  must be re formula ted  
w i t h  e a s  t h e  independent v a r i a b l e  and u = 
With w = k2 one o b t a i n s  
a s  a dependent v a r i a b l e .  
( 3 - 3 6 )  
= s i n  + dw 
d e  
- 
U 
( 3 - 3 7 )  
For + = TI2, ( 3 - 3 6 )  and ( 3 - 3 7 )  reduce t o  
1 u du 
W 2 d e  
2 - d u + u  = _ _ - -  
de2 wu 
2a 
- 3  




and for  t a n g e n t i a l  t h r u s t ,  t hey  reduce t o  
1 2 
d e2 
- d U + U  = - 
W 
When u = 0 ,  the  s o l u t i o n s  t o  ( 3 - 3 6 )  and ( 3 - 3 7 )  a r e  
1 
b = - + A cos (e - x) 
( 3  - 3 8 )  
( 3 - 3 9 )  
( 3  - 4 0 )  
( 3 - 4 1 )  
( 3 - 4 2 )  
( 3 - 4 3 )  
where w, A, and x a r e  c o n s t a n t s .  The q u a n t i t y  Aw corresponds t o  t h e  o r b i t  
e c c e n t r i c i t y  e.  
ZEE [13] determined t h e  changes i n  w ,  A,  and x f o r  c o n s t a n t  t a n g e n t i a l  
t h r u s t  a c c e l e r a t i o n .  I n  c a r r y i n g  o u t  h i s  s o l u t i o n  he dropped terms of 
order  e 2 ,  assuming e remains small .  
equa t ions  f o r  w, A ,  and X can be w r i t t e n  as 
With t h i s  assumption, t h e  d i f f e r e n t i a l  
A. 2 
( 3 - 4 4 )  u w  - = 2U W~ (1 - ~ A w  COS 7 )  d e  
- 2 a w  (1 - 3Aw cos 7 )  c o s y  ( 3 - 4 5 )  dA 
d e  
- -
W 2 a A  (1 - 3Aw cos 7 )  s i n  Y dX d e  - =  ( 3 - 4 6 )  
where?  = 8 - X .  
v a l u e s  
For s m a l l  a, t he  d e r i v a t i v e s  are rep laced  by t h e i r  average 
21r 
( 3 - 4 7 )  
( 3  - 4 8 )  
(3 -  49) 
where A ,  w ,  and X a r e  t r e a t e d  a s  c o n s t a n t s  under t h e  i n t e g r a l s .  
With i n i t i a l  c o n d i t i o n s  corresponding t o  a c i r c u l a r  o r b i t ,  ZEE o b t a i n s  
= , + e s i n  e) ir; 
where t h e  e c c e n t r i c i t y  e i s  given by 
-5 1- 
( 3 - 5 0 )  
( 3 - 5 1 )  
For a < the  s o l u t i o n  f o r  p can be approximated by 
1 
= 4- 
( 3 - 5 2 )  
which d e f i n e s  a s p i r a l  w i t h  ever  i n c r e a s i n g  ampli tude.  I n t e g r a t i n g  ( 3 - 3 8 )  
us ing  ( 3 - 5 2 )  one o b t a i n s  
( 3 - 5 3 )  
which toge the r  w i t h  ( 3 - 5 2 )  provides  
1 
(1 - UT) 2 
P =  ( 3  - 5 4 )  
Equation ( 3 - 5 4 )  was used t o  o b t a i n  t h e  p l o t s  of l o c a l  t h r u s t  a c c e l e r a t i o n  
a p 2  = 0 . 1  and 0.05 f o r  a = and r e s p e c t i v e l y .  A s  Up2 i n c r e a s e s  
beyond these  va lues ,  t he  e c c e n t r i c i t y  r a p i d l y  i n c r e a s e s  ( s e e  F igure  3 - 2 ) .  
These r e s u l t s  a r e  immeasurably b e t t e r  than those obta ined  us ing  the  pe r -  
t u r b a t i o n  method (see  F igure  3 - 1 0 ) .  However, they  a r e  not  a p p l i c a b l e  t o  
escape.  
shown i n  F igure  3 - 1 4 .  The asymptot ic  s o l u t i o n s  a r e  a c c u r a t e  t o  
Reca l l  t h a t  ZEE assumed e remains sma l l .  LASS and LORREL [14] cons idered  
the  case of c i r c u m f e r e n t i a l  t h r u s t  w i thou t  making any assumptions on e .  
Thei r  a n a l y s i s  shows t h a t  t he  average change i n  e i s  g iven  by 
( 3 - 5 5 )  
This  r e s u l t  i n d i c a t e s  t h a t  e dec reases  w i t h  i n c r e a s i n g  8 f o r  p o s i t i v e  a, 
and g ives  no h i n t  of the  a c t u a l  phenomena. Hence t h e i r  s o l u t i o n  i s  no 






















































GUIDANCE LAWS FOR THE ESCAPE AND CAPTURE PHASES 
4 . 1  ESCAPE PHASE 
The p r i n c i p a l  e r r o r  source  dur ing  t h e  escape phase i s  t h e  u n c e r t a i n t y  i n  
t h e  t h r u s t  a c c e l e r a t i o n  l e v e l .  Severa l  r e v o l u t i o n s  may p a s s  b e f o r e  t h e  
t h r u s t  l e v e l  can be determined t o  t h e  d e s i r e d  accuracy.  A s m a l l  e r r o r  A a  
i n  a, i f  allowed t o  p e r s i s t ,  w i l l  l e a d  t o  e r r o r s  i n  p o s i t i o n ,  v e l o c i t y ,  
and time a t  escape.  These e r r o r s  can be e s t i m a t e d  by t h e  equat ions :  
A a  - 4 -  u a 
- -  A D  ( 4 - 3 )  
- -  A b -  0 
@ '  ( 4 - 4 )  
A a  
e a 4 -  
A 9  - =  - ( 4 - 5 )  
The f i r s t  fou r  r e l a t i o n s  were der ived  from c o n d i t i o n s  s e t  down by PERKINS 
[ 2 2 ] ,  and t h e  l a s t  r e l a t i o n  w a s  d e r i v e d  from ( 3 - 5 3 ) .  
The nominal escape c o n d i t i o n s  f o r  a = a r e  7 = 8 5 7 ,  P = 2 7 . 8 ,  t) = 0 . 2 6 8 ,  
@ =  50.8 degrees  and 8 = 40 r e v o l u t i o n s .  The changes i n  t h e s e  parameters  f o r  
-54 - 
a one pe rcen t  change i n  a are a l l  s m a l l ,  and wi th  t h e  except ion  of Aeare 
unimportant.  Though A e i s  on ly  0.4 r e v o l u t i o n s ,  i t  r e p r e s e n t s  a l a r g e  d i r -  
e c t i o n a l  e r r o r  i n  t h e  depa r tu re  asymptote. T h i s  i s  i l l u s t r a t e d  i n  F igu re  4-1 
where t h e  nominal p a t h  d e p a r t s  a long  an  asymptote def ined  by # a n d  t h e  o f f -  
nominal pa th  d e p a r t s  a long  an asymptote 144 o r  216 degrees  removed from t h e  
nominal, depending on t h e  viewpoint .  
1 It i s  ev iden t  t h a t  i f  one w a i t s  u n t i l  t he  last  r e v o l u t i o n  t o  c o r r e c t  @ 
l a r g e  e r r o r s  i n  p, 0, and T a t  escape xi?? rcsult. EATTIN and MILLER [ 151 
suggest  t h a t  t h e  t h r u s t  a c c e l e r a t i o n  be va r i ed  s h o r t l y  before  t h e  last  
r e v o l u t i o n  t o  c o r r e c t  0. This  scheme, while  t h e o r e t i c a l l y  c o r r e c t ,  s u f f e r s  
i n  t h a t  very  s m a l l  c o r r e c t i v e  t h r u s t s  must be measured and monitored. I I 
The recommended scheme i s  t o  simply t u r n  t h e  t h r u s t  o f f  f o r  a s h o r t  i n t e r -  
v a l  be fo re  t h e  l a s t  r evo lu t ion .  It i s  important t h a t  t h e  e c c e n t r i c i t y  be 
i n t e r v a l  A r i s  r e l a t e d  t o  the  d e s i r e d  angular  c o r r e c t i o n  A8by t h e  equat ion  
I s m a l l  o the rwise  a d d i t i o n a l  e r r o r s  i n  P, D, and 46 r e s u l t .  The c o a s t  t i m e  
312 A T =  p A e  (4-6) 
where P i s  t h e  mean r a d i u s  of t h e  c o a s t  o r b i t .  For t h e  case  shown i n  
F igu re  4-1, P i s  5.58 a t  t h e  end of  t h e  38th r evo lu t ion .  I f  t h e  c o r r e c t i o n  
A @ =  216 degrees  (or 3.79 r ad ians )  were made a t  t h i s  t i m e ,  AT would be 
41.5. 
t ime e r r o r ,  which conve r t s  t o  an e r r o r  i n  t h e  t a r g e t  p l ane t  l ead  ang le  8 
a t  t h e  s t a r t  of t h e  i n t e r p l a n e t a r y  phase. 
4 .2  CAPTURE PHASE 
I 




I Under nominal c o n d i t i o n s ,  t h e  cap tu re  t r a j e c t o r y  i s  simply t h e  r e v e r s e  of 
an escape  t r a j e c t o r y  which commences a t  t h e  d e s i r e d  c i r c u l a r  o r b i t  about 
t h e  t a r g e t  p l a n e t  and which u s e s  t a n g e n t i a l  t h r u s t .  The escape parameters  
PE,  D ~ ,  *E are given i n  F igu res  3-3 and 3-4 f o r  d i f f e r e n t  U. The nomi- 
n a l  c a p t u r e  t r a j e c t o r y  commences a t  
i 
1 
and u s e s  n e g a t i v e  t a n g e n t i a l  t h r u s t ,  t h a t  i s ,  @ = m. 
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FIGURE 4-1. ESCAPE ASYMPTOTES WITH 1 PERCENT THRUST ACCELERATION DIFFERENCE 
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E r r o r s  develop when t h e  a c t u a l  cap tu re  parameters pc, oc, and #c a r e  d i f -  
f e r e n t  than t h e  nominal cap tu re  va lues  Pco, Dco and &,. Such d i f f e r e n c e s  
are t h e  r e s i d u a l  e r r o r s  of t h e  i n t e r p l a n e t a r y  t r a n s f e r  phase.  Since D, i s  
r e l a t e d  t o  Pc by ( 4 - 8 ) ,  only  Pc and eC need t o  be s p e c i f i e d .  
Tangent ia l  t h r u s t  i n  t h e  nega t ive  d i r e c t i o n  i s  only  accep tab le  when start-  
ing  a t  t h e  nominal cap tu re  va lues .  For off-nominal cap tu re  va lues ,  tan-  
g e n t i a l  t h r u s t  does n o t  c i r c u l a r i z e  t h e  cap tu re  t r a j e c t o r y .  
cape prsbloiti, the capture problem cannor be disposed by simply turn ing  t h e  
t h r u s t  o f f  and on, o r  by vary ing  t h e  t h r u s t  magnitude over  a s m a l l  range. 
Rather t h e  t h r u s t  d i r e c t i o n  i t s e l f  must be c o n t r o l l e d  t o  achieve t h e  
des i r ed  te rmina l  cond i t ions .  
BATTIN and MILLER [I51 have formulated one s o l u t i o n  t o  t h e  cap tu re  problem. 
The fo l lowing  f e a t u r e s  c h a r a c t e r i z e  t h e i r  method: 
Unlike t h e  es- 
1. 
2. 
3 .  
4 .  
The scheme employs v a r i a b l e  t h r u s t  a c c e l e r a t i o n  
with an upper l i m i t .  More o f t e n  than  no t  they  
r i d e  t h i s  upper l i m i t .  It i s  n o t  obvious whether 
t h e i r  scheme would work i f  t he  t h r u s t  a c c e l e r a t i o n  
w e r e  f i xed .  
The scheme does not  depend on e i t h e r  cont inuous o r  
i n t e r m i t t e n t  s o l u t i o n  o f  the two body o r b i t .  I n  
o the r  words, i t  i s  not  an e x p l i c i t  guidance 
mechanization. 
The scheme uses  s to red  va lues  of t h e  t h r u s t  a c c e l e r -  
a t i o n  v e c t o r  and t h e  v e l o c i t y  vec to r  a s  func t ions  
of t h e  r a d i a l  d i s t a n c e  along a pseudo-reference 
o r b i t .  
o c i t y  and p o s i t i o n  d a t a  a re  used t o  determine t h e  
s t e e r i n g  d i r e c t  ion .  
This  d a t a  toge the r  with in s t an taneous  v e l -  
The scheme s t e e r s  along the pseudo-reference o r b i t  
only i n  t h e  absence of e r r o r s .  
j e c t o r y  i s  no t  opt imal  when t h e r e  are e r r o r s ,  but  
t h e  c h a r a c t e r i s t i c  v e l o c i t y  p e n a l t i e s  may be  smal l .  
The cap tu re  tra- 
4 . 3  A NEW TERMINAL GUIDANCE SCHEME 
The o b j e c t i v e  was t o  formula te  a guidance law f o r  t h e  cap tu re  phase which 
does n o t  depend on t h e  e x p l i c i t  s o l u t i o n  t o  t h e  equat ions  of motion o r  
comparison t o  any r e f e r e n c e  t r a j e c t o r y .  The scheme would s imultaneously 
reduce  t h e  semi-major a x i s  a and t h e  e c c e n t r i c i t y  e of t h e  ins tan taneous  
KEPLER e l l i p s e .  Now a and e a r e  related t o  t h e  normalized energy & and k 3y 
a = -  X ’  1 e =  d K Z 7  
-57- 
The capture  phase commences a t &  = 0 and i s  completed a t  & = -112. 
o r b i t  i s  t o  be c i r c u l a r  a t  & = -112, k2 must be u n i t y .  
t i a l  t h r u s t ,  both t h e  energy and momentum decrease ,  even when t h e  l a t t e r  
i s  less  than  1. 
I f  t h e  
With n e g a t i v e  tangen- 
The d e f i c i e n c y  of n e g a t i v e  t a n g e n t i a l  s t e e r i n g  can be  e l imina ted  by pro-  
v i d i n g  a component of  normal a c c e l e r a t i o n  which i n c r e a s e s  t h e  angular  
momentum. T h i s  i s  accomplished by t h e  s t e e r i n g  l a w  
wi th  the c o n s t r a i n t  
(4-10) 
K i s  the  c o n t r o l  ga in ,  a c o n s t a n t  i n  t h i s  case. When K = 0 t h e  t h r u s t  i s  i n  
t h e  negat ive t a n g e n t i a l  d i r e c t i o n .  The c o r r e c t i o n  angle  K (XI2 - @) i n t r o -  
duces a normal component of t h r u s t  which i n c r e a s e s  t h e  angular  momentum 
whenever t h e  v e l o c i t y  v e c t o r  i s  i n c l i n e d  t o  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n .  
The c o n s t r a i n t  (4-10) i s  imposed so t h a t  t h e  t h r u s t  w i l l  never cause  t h e  
energy t o  i n c r e a s e .  
The s t e e r i n g  law (4-9) w a s  eva lua ted  f o r  s e v e r a l  combinations of K and 
capture  parameters  pc and t$,=. Two t y p i c a l  r u n s  wi th  K = 1 and K = 5 are  
shown i n  F igure  4-2 f o r  a = 10-3 (normalized on t h e  d e s i r e d  c i r c u l a r  o r b i t  
p = 1). The assumed c a p t u r e  c o n d i t i o n s  are pc = 40 and (6, = 147 degrees  
compared t o  t h e  nominal v a l u e s  pc = 27.8 and @co = 129.2 degrees .  With 
0 K = 1, p c o n v e r g e s  t o  1 i n  an o s c i l l a t o r y  fash ion .  The o s c i l l a t i o n  i s  a 
measure o f  t h e  o r b i t  e c c e n t r i c i t y .  When & reaches  -112 a t  r = 990, t h e  eccen- 
t r i c i t y  i s  0 . 4 3 ,  which i s  t o o  l a r g e .  With a l a r g e  g a i n ,  K = 5 ,  t h e  o s c i l l a -  
t i o n  i n  p d i s a p p e a r s ,  but now & r e a c h e s  -112 a t  7 = 1200. 
t rade-of f  between t h e  f i n a l  o r b i t  e c c e n t r i c i t y  and t h e  c h a r a c t e r i s t i c  
v e l o c i t y  r e q u i r e d  t o  reach  & = - 1 1 2 .  
Thus t h e r e  i s  a 
Further  examination of F igure  4-2  r e v e a l s  t h a t  t h e  l a r g e  g a i n  i s  probably 
too  l a r g e  a t  t h e  beginning ( t h e  hump i n  p ) ,  and t h e  s m a l l  g a i n  i s  t o o  
s m a l l  toward t h e  end ( t h e  o s c i l l a t i o n  i n  p ) .  We concluded t h a t  t h e  guid-  
ance scheme could be  improved by employing a v a r i a b l e  g a i n  K ,  one which 
i n c r e a s e s  as & decreases .  
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were t e s t e d  f o r  ranges of t h e  g a i n  c o e f f i c i e n t s  KlI2 ,  K 1 ,  and K2. 
t i v e  before  c a p t u r e ,  z e r o  a t  c a p t u r e  and n e g a t i v e  t h e r e a f t e r .  
( 6  I - & i s  t h e r e f o r e  z e r o  b e f o r e  c a p t u r e  and approaches 1 as & approaches 
-112. 
F igures  4-3, 4-4,  and 4-5, r e s p e c t i v e l y  f o r  t h e  same u and c a p t u r e  condi-  
t i o n s  a s  used f o r  t h e  r u n s  i n  F igure  4-2. The b e s t  r e s u l t s  f o r  t h i s  p a r t i -  
c u l a r  s e t  of c o n d i t i o n s  were obta ined  wi th  K 1  = 30. The te rmina l  c o n d i t i o n  
& ~ - 1 1 2  w a s  reached a t  7 = 955 compared t o  7 = 1200 f o r  a c o n s t a n t  g a i n  K of  
5. Furthermore,  t h e  o r b i t  e c c e n t r i c i t y  a t  t h i s  p o i n t  i s  e s s e n t i a l l y  z e r o  
was considered.  
& i s  pos i -  
The argument 
D i f f e r e n t  va lues  of t h e  g a i n s  K1/2, K1, and K2 are eva lua ted  i n  
( e  = 4 x I n  subsequent s t u d i e s ,  o n l y  t h e  l i n e a r  s t e e r i n g  g a i n  K 1 
For nominal c a p t u r e  c o n d i t i o n s ,  t h e  minimum c h a r a c t e r i s t i c  v e l o c i t y  U T  
i s  0.857 f o r  U = The minimum v a l u e  i s  achieved by s t e e r i n g  t o  
= 7T. The minimum U T f o r  off-nominal c a p t u r e  c o n d i t i o n s  h a s  never  been 
determined. The proposed s t e e r i n g  l a w  
(4-10) 
i s  no t  op t imal  even f o r  t h e  nominal c a p t u r e  c o n d i t i o n s .  T h i s  c o n t r a s t s  
wi th  BATTIN and MILLER'S t e rmina l  guidance scheme which i s  optimum i n  t h e  
absence of  e r r o r s .  The e f f i c i e n c y  of  t h e  proposed s t e e r i n g  l a w  may be  
assessed  from Figures  4-6 and 4-7. I n  t h e  f i r s t  f i g u r e ,   tis p l o t t e d  as 
a f u n c t i o n  of  $c f o r  t h e  nominal pc 
t e d  a s  a f u n c t i o n  of  pc f o r  t h e  nominal #co. Two g a i n  c o e f f i c i e n t s  K 1  = 10 
and 30 are  used. The smal le r  g a i n  i s  more e f f i c i e n t  f o r  small e r r o r s  and 
less  e f f i c i e n t  f o r  l a r g e  e r r o r s .  I n  t h e  absence of  e r r o r s  a T i s  0.932 f o r  
K 1  = 30 and 0.874 f o r  K 1  = 10,  which r e p r e s e n t  i n e f f i c i e n c i e s  of  9 and 2 
percent  r e s p e c t i v e l y  when compared t o  t h e  optimum v a l u e .  Thus i f  one knew 
t h e  e r r o r s  were going t o  be  s m a l l ,  a small K 1  could be u s e d ,  and v i c e  v e r s a .  
and i n  t h e  second f i g u r e  a T i s , p l o t -  
0 
Figure 4-8 i s  a p l o t  o f  t h e  c h a r a c t e r i s t i c  v e l o c i t y  contours  a s  f u n c t i o n s  
of PC and (pC f o r  (x = 
@c = 180 degrees ,  t h e  s t r a i g h t - i n  approach,  i n d i c a t i n g  t h a t  a7 i s  indepen- 
dent  of t h e  d i r e c t i o n  of r o t a t i o n  about  t h e  p l a n t .  I n  a l l  t h e  cases shown, 
t h e  f i n a l  o r b i t  e c c e n t r i c i t y  i s  less  t h a n  0.02. The proposed t e r m i n a l  
guidance scheme can accommodate l a r g e  e r r o r s  i n  Pc and @c. However, f o r  Pc 
a s  l a r g e  a s  60 ,  c a s e s  were found which d i d  n o t  converge.  I n  t h e s e  cases,  
t h e  v e l o c i t y  was reduced t o  z e r o  a t  a p o i n t  where 4 w a s  l a r g e r  t h a n  one,  
i n d i c a t i n g  t h a t  t h e  t h r u s t  a c c e l e r a t i o n  w a s  l a r g e r  t h a n  t h e  p l a n e t  g r a v i t y .  
A s  a r e s u l t ,  t h e  t h r u s t  v e c t o r  pinwheels  around and opposes any v e l o c i t y  
increment . 
and K1 = 30. The c o n t o u r s  a r e  symmetric about 
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SECTION 5 
PLANET-SUN TRANSITION REGIONS 
I n  t h i s  s tudy ,  a s  i n  most o t h e r s ,  the  a t t r a c t i o n  of the  Sun was ignored 
dur ing  t h e  escape and cap tu re  phases ;  and the  p l a n e t a r y  a t t r a c t i o n s  were 
ignored du r ing  the  i n t e r p l a n e t a r y  phase.  The d i v i s o n  of the  problem i n t o  
t h r e e  phases i s  no t  as  c l ean  as  one might wish s i n c e  t h e r e  a r e  t r a n s i t i o n  
reg ions  where the  p l a n e t a r y  and s o l a r  a t t r a c t i o n s  a r e  of t h e  same o r d e r .  
The problem of p r o j e c t i n g  e r r o r s  through a t r a n s i t i o n  r eg ion  us ing  a 
s p e c i f i e d  s t e e r i n g  law i s ,  i n  our  e s t i m a t i o n ,  t he  most important  unsolved 
guidance problem f o r  low t h r u s t  i n t e r p l a n e t a r y  t r a n s f e r .  
For example, t he  i n t e r p l a n e t a r y  phase desc r ibed  i n  Sec t ion  2 t e rmina te s  
when the v e h i c l e  a r r i v e s  a t  a mass less  t a r g e t  p l a n e t  wi th  ze ro  r e l a t i v e  
v e l o c i t y .  Cal l  t h i s  cond i t ion  A. The c a p t u r e  phase commences when the  
veh ic l e  achieves zero  energy r e l a t i v e  t o  t h e  p l a n e t  w i th  the  p l a n e t  mass 
included. Ca l l  t h i s  cond i t ion  B.  I t  i s  n o t  obvious t h a t  cond i t ion  B i s  
ever  s a t i s f i e d  by s t e e r i n g  t o  meet cond i t ion  A. I t  may be t h a t  t h e  te rmina l  
guidance scheme, descr ibed  i n  Paragraph 4 . 3 ,  should be i n i t i a t e d  b e f o r e  con- 
d i t i o n  A o r  B i s  met. Then, t oo ,  t h e r e  i s  t h e  p o s s i b i l i t y  t h a t  cap tu re  w i l l  
be achieved too  f a r  from the  p l a n e t ;  i n  which case ,  t h e  v e h i c l e  s t o p s  a t  
some po in t  where the  t h r u s t  a c c e l e r a t i o n  exceeds the  p l a n e t  a t t r a c t i o n .  
The r o t a t i n g  xy coord ina te  frame used i n  Paragraph 2.5 i s  i d e a l l y  s u i t e d  
f o r  desc r ib ing  the  motion i n  a t r a n s i t i o n  r eg ion .  Adding the  a t t r a c t i o n  
of  t he  p l a n e t  P t o  (2 -19) ,  one o b t a i n s  
i 
- km. x 
(5-1) 
km. Y 
= f s i n  JI* 1 + 2 n i +  
I where m i s  t h e  mass of Pi. The func t ion  i 
i s  a cons t an t  when f is  ze ro ,  i n  which case (5-2) d e f i n e s  the JACuBiAN energy 
i n t e g r a l .  
The t r a n s i t i o n  from t h e  i n t e r p l a n e t a r y  phase t o  t h e  cap tu re  phase was 
eva lua ted  f o r  one case us ing  (5-1). 
0.225 where r i  i s  the  r a d i a l  d i s t a n c e  from the  Sun t o  P i .  
i s  shown i n  F igu re  5-1. The i n i t i a l  condi t ions  w e r e  such t h a t  t h e  v e h i c l e  
would a r r i v e  a t  P i  wi th  z e r o  v e l o c i t y  i f  m i  were z e r o  and e were n /2 .  
The t r a j e c t o r y  shape i s  almost  i d e n t i c a l  when t h e  p l a n e t  m a s s  is  included,  
b u t  t h e  t i m e  t o  reach  the  p l a n e t  i s  s h o r t e r .  The t e rmina l  guidance scheme, 
w i th  K1 = 30 and & rep laced  by H as def ined  i n  (5-2) ,  w a s  i n i t i a t e d  a t  
r ] =  0.012. Using t h e  t e rmina l  guidance scheme, t h e  t h r u s t  i s  i n  t h e  nega- 
t i v e  t a n g e n t i a l  d i r e c t i o n  p r i o r  t o  capture .  T h i s ,  t o g e t h e r  w i th  the  s o l a r  
p e r t u r b a t i o n  t e r m  3n2x, exp la ins  why t h e  t r a j e c t o r y  
Capture  occurs  i n s i d e  t h e  c i r c l e  of equal  t h r u s t  and g r a v i t y  a c c e l e r a t i o n .  
Consequently,  t he  t e rmina l  guidance scheme is capable  of  c i r c u l a r i z i n g  t h e  
o r b i t  a s  shown i n  F igu re  5-2. 
locus  of p o i n t  
I 
The t h r u s t  a c c e l e r a t i o n  a = f r ?  w a s  
The t r a j e c t o r y  1 
bends t o  t h e  l e f t .  
The dashed l i n e s  shown i n  F igure  5-1 a r e  t h e  
where t h e  s o l a r  f o r c e  3n2x is  equa l  t o  t h e  p l a n e t  fo rce  
k m i  (x2 + y q - f .  
The s u c c e s s f u l  maneuver shown i n  Figures  5-1 and 5-2 w a s  more o r  less 
a c c i d e n t a l .  
o r  l a t e r ,  convergence t o  t h e  d e s i r e d  terminal  cond i t ions  may n o t  have been 
achieved.  A r a t i o n a l  b a s i s  f o r  swi tch ing  from one guidance mode t o  another  
i s  a minimum requirement .  Better y e t ,  a s t e e r i n g  law should be formulated 
which ach ieves  a smooth t r a n s i t i o n  from one phase t o  another .  
Had t h e  t e rmina l  guidance scheme been i n i t i a t e d  much e a r l i e r  
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FIGURE 5-1. TRAJECTORY PASSING THROUGH SUN-TARGET 
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FIGURE 5-2. CAPTURE PHASE USING LINEAR STEERING G A I N ,  K1 = 30 
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e I w  
semi-major axis 
constant proportional to the mass flow rate 
total energy, T + V 
normalized total energy 
orbit eccentricity 
thrust acceleration 
JACOBIAN energy integral 
angular momentum 
normalized angular momentum 
universal constant of gravitation 
T - V  
mass 
mass of the ith planet 
mean orbit rate 
time derivative of 2- 
radial distance 
radial distance from the Sun to the ith planet 
kinetic energy 
time 
reciprocal of r 
potential energy 
speed 
angular momentum squared 
nonrotating coordinate system with origin at the Sun 
rotating coordinate system with origin at the planet 
normalized thrust acceleration 
angle between the thrust and velocity vectors 













* *  
polar coordinate 
target planet lead angle 
x/ri 
normalized radial distance 
normalized time 
escape time 
total powered time in the interplanetary phase 
normalized velocity 
direction of the escape asymptote 
angle between the velocity vector and the radial direction 
phase angle 
angle between the thrust vector and the radial direction 
fixed values of for the two thrust segments in the 
interplanetary phase 
angle between the thrust vector and the x axis 
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